We report the discovery of an intriguing triple-mode RR Lyrae star found in the OGLE Galactic bulge collection, OGLE-BLG-RRLYR-24137. In the OGLE catalog the star was identified as RRd star -double-mode pulsator, pulsating simultaneously in the fundamental and in the first overtone modes. We find that third mode is excited and firmly detect its period doubling. Period ratios are not far from that expected for triple-mode -fundamental, first and third overtone -pulsation. Unfortunately, we cannot reproduce period ratios of the three modes with a consistent set of pulsation models. Therefore the other interpretation, that additional mode is non-radial, is also likely.
INTRODUCTION
Majority of the RR Lyrae stars are single-mode radial pulsators, pulsating either in the fundamental mode (F mode, RRab stars) or in the first overtone mode (1O mode, RRc stars). Less frequent are double-mode pulsators, pulsating simultaneously in the fundamental and in the first overtone modes (RRd stars). Other interesting forms of double-mode pulsation were discovered recently. Double-mode, radial, fundamental and second overtone pulsation was reported in several stars observed from space by CoRoT and Kepler, and in one star observed from the ground (e.g. Poretti et al. 2010; Benkő et al. 2010; Jurcsik et al. 2008) , for a review see Moskalik (2013) . These stars form a tight progression in the Petersen diagram with period ratios clustering around ∼ 0.59. Several of these stars show the long-term quasi-periodic modulation of the fundamental mode -the Blazhko effect. First overtone is not detected in these stars. We note that similar form of pulsation with one 'intermediate' mode missing was detected in 1O+3O Cepheids .
Other interesting form of pulsation was discovered in RRc and in RRd stars, but not in RRab stars. Therefore, excitation of first overtone seems crucial in this group. The ⋆ E-mail: smolec@camk.edu.pl period of additional mode is shorter than the first overtone period, period ratios cluster around ∼ 0.61. This period ratio cannot be explained with excitation of two radial modes and therefore it is commonly assumed that additional mode is non-radial . Majority of these stars were discovered in space photometry gathered by MOST, CoRoT and Kepler (e.g. Gruberbauer et al. 2007; Moskalik et al. 2014; Szabó et al. 2014) , few stars were detected from the ground (e.g. Olech & Moskalik 2009 ). Only recently Netzel, Smolec & Moskalik (2014) increased the number of known stars of this type by a factor of 6, analysing the OGLE-III observations of RRc and RRd stars of the Galactic bulge. Interestingly, in majority of the stars observed from space period doubling of additional non-radial mode is detected (manifested through sub-harmonic frequencies in the frequency spectrum, Moskalik et al. 2014 , and references therein).
RRd stars with additional ∼ 0.61 non-radial mode are triple-mode radial-non-radial pulsators. So far triple-mode radially pulsating RR Lyrae star was not detected. We note that a few radial, triple-mode classical Cepheids are known, either of F+1O+2O type or of 1O+2O+3O type (Moskalik, Triple, or multi-mode pulsators are very important, as precisely measured pulsation periods strongly constrain the stellar model and allow asteroseismic investigation even in classical pulsators (Moskalik & Dziembowski 2005) , provided pulsation modes are identified. Detection of dynamical phenomena, like period doubling effect, is also very important as it provides more insight into pulsation dynamics of the stars. Period doubling indicates that halfinteger resonance between pulsation modes is in action, which provides further constraints on the models and allows better understanding of pulsation properties of the stars (e.g. Kolláth, Molnár & Szabó 2011; Smolec et al. 2012) . We note that we do not understand the mechanism behind even the simplest form of multi-mode pulsation: doublemode radial pulsation. For a recent review see Smolec (2014) .
In this paper we study the photometry of OGLE-BLG-RRLYR-24137, a triple-mode RR Lyrae star with period doubling effect. In the next Section we briefly describe the data available for the star and its analysis. Interpretation of the frequency spectrum is then provided in Section 3 in which we also discuss the results. Short summary closes the paper.
OBSERVATIONS AND DATA ANALYSIS
OGLE-BLG-RRLYR-24137 was discovered during the fourth, ongoing phase of the Optical Gravitational Lensing Experiment (OGLE), in the Galactic bulge fields (Soszyński et al. 2014b) . We refer the reader to Udalski et al. (2008) for detailed description of the instrument setup and photometry reduction procedures. Altogether 481 photometric epochs were collected in the I-band over five observing seasons. Only 20 observations were collected in the V -band and these data are not used in the analysis. We note that the mean brightness of the star and its color are typical for the Galactic bulge RR Lyrae stars, but we admit that spread of these parameters in the bulge is very large, as compared e.g. to the Magellanic Cloud pulsators. The star was identified by Soszyński et al. (2014b) as RRd pulsator, although its period ratio is somewhat not typical -lower than for majority of the RRd stars with a similar period of the fundamental mode -see the Petersen diagram in Fig. 1 . We note that we have analysed in detail the stars deviating in the Petersen diagram in a separate publication . Majority of these stars show modulation of pulsation modes akin to the Blazhko effect. This in not the case for OGLE-BLG-RRLYR-24137, as we show in this paper.
Data are analysed using standard successive prewhitening technique. Significant periodicities are identified with the help of discrete Fourier transform. At each step of the iterative procedure sine series with all identified frequencies is fitted to the data:
Amplitudes, phases and frequencies are adjusted by means of non-linear least square fit. Residuals from the fit are inspected for additional signals with the arbitrary signalto-noise criterion, S/N = 4. We also accepted signals with slightly lower S/N values, provided they were located exactly 
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at the linear frequency combination of the previously identified independent frequencies. Eleven frequencies identified this way are collected in the top part of Tab. 1, together with their amplitudes and two possible interpretations to be discussed in a moment. First two frequencies f0 and f1 correspond to fundamental and first overtone frequencies as identified already in the OGLE catalog. Successive rows of Fig. 2 illustrate the prewhitening process. After prewhitening with all frequencies listed in the top part of Tab. 1 (4 independent frequencies, 7 linear combinations), a significant signal remains in the frequency spectrum at the frequency of the fundamental mode. It is unresolved with f0 (frequency separation is smaller than 2/T , T -data length). Such signal is a signature of nonstationary nature of the fundamental mode, a likely slow (not resolved within available data length) variation of its amplitude and/or phase. It increases the noise level in the Fourier transform and may hide additional peaks. To get rid of this signal and search for additional frequencies we conducted the time-dependent prewhitening on a season-toseason basis. This technique is described by Moskalik et al. (2014) and is based on the time-dependent Fourier analysis (Kovács, Buchler & Davis 1987) followed by the data prewhitening. In a nutshell, data were divided into five subsets, each corresponding to one observing season. Next, we fitted the sine series to each of the subsets independently, with all frequencies listed in the top part of Tab. 1, adjusting the amplitudes and phases, but keeping the frequencies fixed (as determined from the just described analysis of the full data). Any possible frequency changes are then reflected in the variation of respective phases. Residuals from the five independent fits are then merged and analysed. Non-stationary signals are removed, provided that associated variation is not significant within one observing season. This is indeed the case. The noise level in the Fourier transform drops, which is also due to the levelling of possible season-to-season zero-point differences in the photometry. In the data we find one additional significant signal listed in the bottom part of Tab. 1 (last row).
DISCUSSION

Additional mode or modulation?
After prewhitening the data with frequencies corresponding to the fundamental and first overtone modes, significant signal appears in the frequency spectrum close to 2f0 (top row in Fig. 2) . Two interpretations are possible. Either it is an independent pulsation mode, which we denote by f3, or it is a signature of modulation of the fundamental mode. In the latter case close multiplet structures should be detected at the frequency of the fundamental mode and its harmonics, kf0.
In the ground-based data these are typically triplets, which may be strongly asymmetric and appear as doublets (see e.g. Alcock et al. 2003; Benkő, Szabó & Paparó 2011) . The frequency separation between the multiplet/doublet components corresponds to modulation frequency and its inverse corresponds to modulation period. Here we denote it as fB. Hence our two interpretations for the discussed frequency are f = f3 (independent pulsation mode) or f = 2f0 + fB (modulation doublet; resulting modulation period is 46.5 d). Except one (fu), all other frequencies detected in the frequency spectrum may be expressed as linear combinations of f1, f2 and f3, or as linear combinations of f1, f2 and fB. These two possible interpretations are collected in the third and fourth columns of Tab. 1. The only frequency that cannot be represented this way is denoted as fu. We do not find any frequency combinations involving this frequency, consequently we do not have a proof that it originates from OGLE-BLG-RRLYR-24137. Detection of fu is certain (S/N = 5.0). This signal may correspond to unresolved blend or e.g. other pulsation mode. We neglect this signal in the following discussion. Which of the two interpretations is correct? We argue that the modulation scenario is unlikely. Our arguments are:
• In the case of modulation we expect equidistant triplets, which are not detected. This is not a strong point however, as triplets are often highly asymmetric and may appear as doublets.
• The highest signals corresponding to modulation are detected at 2f0 + fB and 3f0 + fB but we do not find any significant signal at f0 + fB or f0 − fB (see bottom row in Fig. 2 , arrows mark the expected location of the modulation side peaks)! The side peaks at harmonic frequencies may be slightly higher than at f0 (Benkő, Szabó & Paparó 2011) but here signal at f0 ± fB is missing. In addition side peaks are much higher than harmonics itself; even more, the harmonic at 3f0 is not detected at all (bottom right panel in Fig. 2 ).
• A close and significant signal at f0 is detected, but at a separation corresponding to fB/2 (third row in Fig. 2 ). If we assume that this signal corresponds to a true modulation frequency, i.e. f ′ B = fB/2 we have even more severe problem with modulation scenario as incomplete quintuplets appear in the spectrum then.
• Incomplete quintuplets are detected at 2f0 and 3f0. These are extreme quintuplets with all low frequency components missing (only 2f0 +2f ′ B and 3f0 +2f ′ B are detected).
• Detection of modulation peak at higher order radial mode combination frequency, at 3f0 + f1, is also suspicious, taking into account that 3f0 itself is not detected.
Based on these arguments we conclude that modulation scenario is unlikely. The second scenario, excitation of additional, independent pulsation mode is most likely. Interpretation of frequency spectrum faces no difficulty in this case. Detected signals are low-order linear combinations of the three modes. This is the interpretation we adopt in the remaining of this paper.
Period doubling of the additional mode.
In the frequency spectrum we firmly detect a sub-harmonic of f3, a significant signal at fx ≈ 0.5f3. Deviation from exact sub-harmonic is negligible, fx − 0.5f3 = −0.00007 c/d (estimated by the non-linear least-square fit of the time-series). We do not find other sub-harmonic frequencies. The presence of sub-harmonic frequency is a signature of period doubling of f3 (e.g. Smolec et al. 2012 ). Indeed we can directly see the effect in the disentangled light curve corresponding to f3.
The phased light curves corresponding to the three pulsation modes are plotted in Fig. 3 . To get the light curve of the fundamental mode we first subtracted from the data a sine series with all frequencies listed in Tab. 1 except those corresponding to f0 and 2f0, and next phased the data with P0 = 1/f0. The light curves for the first overtone and for additional mode were extracted in a slightly different manner. In order to fully remove the non-stationary fundamental mode from the data, we used time-dependent prewhitening on a season-to-season basis, as described above. This time however, we fitted the sine series to each of the subsets without f1 and 2f1 terms (to get the first overtone light curve) or without f3 and 0.5f3 terms (to get the light curve of the additional mode). The resulting prewhitened data were phased either with P1 = 1/f1 or with 2P3 = 2/f3. Period doubling effect is weak, but visible in the light curve of the additional mode. We see alternating deep and shallow minima. The differences are also visible at maximum light. Fourier fit (over-plotted) confirms the effect clearly. In Fig. 4 we present a different visualization of the effect: even and odd pulsation cycles are plotted with different symbols. The effect is well visible, but certainly not very strong.
As mentioned in the Introduction, our star is not a typical RRd star because of low P1/P0 period ratio (Fig. 1) . It is hence interesting to investigate whether light curves of the fundamental and first overtone modes are typical for RR Lyrae stars. To this aim, we compare their lowest order Fourier decomposition parameters, R21 = A2/A1 and ϕ21 = φ2 − 2φ1, with the parameters for RRab and RRc stars of the OGLE-III catalog - Fig. 5 . Amplitudes of both modes are lower than for majority of the RRab/RRc stars, which is expected (two modes saturate the driving mechanism). Amplitude of the first overtone is only slightly lower, while amplitude of the fundamental mode is significantly lower. Consequently its R21 value is also very low. On the other hand, the Fourier phase for the fundamental mode is typical for the fundamental mode pulsators. In the case of the first overtone mode, both period ratio and Fourier phase are typical. We also note that light curve displayed in the bottom panel of Fig. 3 resembles that observed for close (contact) binary systems. Such interpretation is unlikely for the discussed star, however. The orbital period would be slightly below 11 hours then. A simple estimate based on the third Kepler law shows that it is not possible to fit an RR Lyraetype star inside a resulting tight orbit. Assuming total mass of the system in a range 0.25 − 5.0 solar masses the resulting semi-major axes of the orbit would be in between 1.5 and 4.2 solar radii. The typical radii expected for RR Lyraetype stars are 4 − 6 R⊙. Similar radii are expected for the less massive relatives of RR Lyrae stars that evolved in a tight binary system -the binary evolution pulsators (BEPs, Pietrzyński et al. 2012; Smolec et al. 2013 ) (R = 4.24 ± 0.24 R⊙ for the star discovered by Pietrzyński et al. 2012) . We also note that additional variability depicted in the lower panel of Fig. 3 cannot result from a blend of RRd star and of a tight binary system, as we clearly detect four combination frequencies involving f3, f0 and f1 (Tab. 1).
3.3 Nature of the additional mode and cause of period doubling.
The period ratio between the additional mode and the first overtone, P3/P1 = 0.686, indicates that the additional mode may correspond to the radial third overtone, although the period ratio seem to high. To check it, we have computed a set of RR Lyrae models with different masses, luminosities and metallicities in a large parameter range (0. 
Z=0.0001
Z=0.008 Figure 6 . Period ratios for OGLE-BLG-RRLYR-24137 (cross) confronted with the pulsation models assuming that the additional mode is the third radial overtone (different symbols depending on model's luminosity, as indicated in the key). Filled symbols correspond to models in which both fundamental and first overtone modes are linearly unstable. All models have M = 0.6M ⊙ .
els adopt X = 0.76 (results do not depend strongly on the choice of X, on opacity tables or on solar mixture). These are envelope models with homogeneous chemical composition.
In the Petersen diagrams in Fig. 6 we show only the models with period ratios closest to the period ratios determined for OGLE-BLG-RRLYR-24137. All these models have M = 0.6M⊙, which is typical for RR Lyrae stars and adopt either high metallicity (Z = 0.008, green symbols) or low metallicity (Z = 0.0001, red symbols), and have different luminosities as indicated in the key. Model sequences run horizontally across the instability strip with a 100 K step in effective temperature. Filled symbols correspond to models in which fundamental and first overtone modes are simultaneously excited (their linear growth rates, γ0 and γ1, are positive), which is a necessary condition for (non-resonant) double-mode pulsation. Third overtone is stable in all the models (see the discussion in next paragraphs).
First, we note that not typical first overtone to fundamental period ratio may be explained by large metallicity of the star and relatively low luminosity (which is expected at higher metallicities, see also Soszyński et al. 2014a) . We note that Galactic bulge is characterized by large metallicity spread and large, solar-like metallicities are not rare (e.g. Zoccali 2010; Bensby et al. 2010; Soszyński et al. 2011 ). However, with large metallicity we cannot reproduce the other period ratios, P3/P0 and P3/P1, they are much higher than high metallicity models predict. In order to approach these two period ratios we need very low metallicity values (which are more typical for RR Lyrae stars). P3/P0 is not far form Z = 0.0001 models. We face the most severe difficulty with P3/P1 period ratio which cannot be reproduced with the models. Reducing the metallicity further does not help. The closest models are characterised with low M/L ratio, but are located far on the blue side of the instability strip.
We have also checked whether with low mass models, with masses in between 0.2 − 0.4 solar masses, we can match the observed period ratios better. Such masses are expected for the binary evolution pulsators, for which light curves may resemble those of RR Lyrae stars (Pietrzyński et al. 2012; Smolec et al. 2013 ). Although we can match P0/P1 with high metallicity models, in the case of other period ratios, P3/P0 and P3/P1, the disagreement is even worse than in the case of RR Lyrae models.
The radial mode interpretation faces the following difficulties:
• We cannot reproduce the three period ratios assuming consistent model parameters. P1/P0 requires high metallicity, other two period ratios require very low metallicity values
• P3/P1 cannot be reproduced with the models. It is too high as compared to the model predictions.
• Third overtone is always linearly stable in the models.
The last difficulty is actually a problem of excitation mechanism for the postulated third overtone, which cannot be non-resonant in such case, but may occur through a mode resonance. We note that even in the non-resonant scenario, the linear instability of two modes is only a necessary condition for the double-mode pulsation. Majority of the RRd stars form a well defined and tight sequence in the Petersen diagram ( Fig. 1) , while models predict simultaneous instability of the two modes over a much larger area. A mode selection mechanism is in action here, which we do not understand, however (Smolec 2014) . We note that our star does not fit the progression formed by the majority of RRd stars. Why these and other stars deviate from the main progression is not known. In Smolec et al. (2014) we suggest that these stars might be in a transient state following the RRab→RRd mode switch. We note that similar to stars analysed in that paper, in OGLE-BLG-RRLYR-24137 the fundamental mode likely varies on a long time-scale, which is manifested by noncoherent signal in the frequency spectrum (Fig. 2) . Other explanation that comes to mind is a different internal structure of these stars e.g. the presence of discontinuities in the chemical profile along the radius which may strongly affect the computed period ratios of the radial modes. Without an analysis of the full evolutionary models this is speculative however. The other explanation is that additional mode is nonradial. As described in the Introduction there is a new group of radial-non-radial RR Lyrae pulsators with period ratios between the additional mode and the first overtone clustering around ∼ 0.61 (in between radial third-to-first and fourth-to-first period ratios). Some of these stars are genuine RRd pulsators (Gruberbauer et al. 2007; Chadid 2010; Moskalik et al. 2014 , and references therein). In majority of the stars observed from space, sub-harmonic frequencies, a signature of period doubling, are also detected Szabó et al. 2014 ).
These frequencies however, are often located slightly off the exact value of sub-harmonic frequency. There is no firm detection of sub-harmonic frequencies in stars detected in the ground-based observations. Marginal detection was reported in four out of 147 stars analysed by Netzel, Smolec & Moskalik (2014) (OGLE-III data) . Amplitudes of non-radial mode in the discussed group are typically few percent of the radial mode amplitude. To the contrary, in our star amplitude of additional mode is comparable to radial mode amplitudes. Sub-harmonic is firmly detected and located exactly where it should. We note that nonradial modes are linearly unstable in a large frequency range in the models (Van Hoolst, Dziembowski & Kawaler 1998; Dziembowski & Cassisi 1999) . The mode selection mechanism however, remains obscure (Smolec (2014) , see also Dziembowski (2012) ).
We conclude that the additional frequency corresponds to independent pulsation mode, but whether it is a radial mode or non-radial mode cannot be answered at the moment.
A firmly detected period doubling is most likely a resonant effect as first analysed by Moskalik & Buchler (1990) . It is hard to point which resonance may be responsible for the effect in the case of our star, as we cannot firmly identify the mode itself. We note that it is yet another discovery of period doubling in classical pulsators reported in the recent years, after discovery of period doubling in Blazhko RRab stars , in BL Her type star (Smolec et al. 2012) and in the just discussed radial-non-radial pulsators with ∼ 0.61 period ratio ).
SUMMARY
OGLE-BLG-RRLYR-24137 is a triple-mode RR Lyrae star. The two dominant modes correspond to the radial fundamental and first overtone modes. The corresponding period ratio is smaller than for majority of RRd stars with similar period, the star is not an exception however (Fig. 1) . The shape and Fourier parameters of the disentangled light curves support the RRd identification (Figs. 3 and 5) . The third pulsation mode has comparable amplitude to the two radial modes. Most interestingly it undergoes a period doubling (Fig. 3) . Based on the data we have and model computations done, we cannot decide whether it is the radial third overtone mode or a non-radial mode. In the former case we cannot reproduce the observed period ratios with standard homogeneous envelope pulsation models.
No doubt, this intriguing triple-mode star deserves more observation and study. It demonstrates the power of massive sky surveys in search for unique and interesting objects. We cannot judge whether it is an isolated case or first member of a new class of RR Lyrae pulsators, but analysis of expected data for ∼ 10 5 RR Lyrae pulsators from OGLE-IV, of which photometry for more than 38 000 Galactic bulge stars was just published (Soszyński et al. 2014b) , will help to resolve this issue.
